We revisit possible glimpses of black-hole formation by looking at ultraplanckian string-string collisions at very high final-state multiplicity. We compare, in particular, previous results using the optical theorem, the resummation of ladder diagrams at arbitrary loop order, and the AGK cutting rules, with the more recent study of 2 → N scattering at N ∼ sM −2 P 1. We argue that some apparent tension between the two approaches disappears once a reinterpretation of the latter's results in terms of suitably defined infrared-safe cross sections is adopted. Under that assumption, the typical final state produced in an ultra-planckian collision does indeed appear to share some properties with those expected from the evaporation of a black hole of mass √ s, although no sign of thermalization is seen to emerge at this level of approximation.
1.
We argue that some apparent tension between the two approaches disappears once a reinterpretation of the latter's results in terms of suitably defined infrared-safe cross sections is adopted. Under that assumption, the typical final state produced in an ultra-planckian collision does indeed appear to share some properties with those expected from the evaporation of a black hole of mass √ s, although no sign of thermalization is seen to emerge at this level of approximation.
Introduction
Ultra-planckian string-string collisions represent a perfect gedanken experiment where one can address fundamental issues on the merging of gravitational and quantum physics within a consistent framework. One of the main aims of such a program is to understand whether and how quantum information is recovered in a process which, classically, would lead to black-hole formation [1, 2, 3, 4] and, semi classically, to its Hawking evaporation [5] . This program has been carried out since about thirty years along two different lines: Gross and Mende (later joined by Ooguri) [6, 7] computed the high-energy, fixed angle behavior of string scattering amplitudes at arbitrary genus.
Since higher and higher genus contributions were found to be more and more important in that kinematic regime, they concluded that the string loop expansion diverges. The physical reason for such a result is clear: order by order the fixed-angle string scattering amplitude is exponentially suppressed, while physically it should be sizeable owing to Einstein's gravitational deflection formula. Unfortunately, a Borel resummation of the divergent series [8] can only be justified in a region of parameters where the process is classically forbidden and, consequently, the cross section is still exponentially small.
A very different approach was taken by Amati, Ciafaloni and one of us [9, 10, 11, 12, 13] (hereafter referred to as ACV). One starts by working in energy or equivalently gravitational radius R S = 2G √ s and impact parameter b space attempting an all-loop resummation. This is possible at arbitrarily high energy provided the impact parameter is also correspondingly high.
In this region classical gravitational deflection as well as tidal effects [10, 14] due to the string's finite size, are effectively recovered within a unitary S-matrix framework provided one is far away from the expected gravitational-collapse region b ∼ R S and as long as the tide-excited states are included in the Hilbert space (see [15] for a detailed study of that unitary S-matrix). The regime of classical gravitational collapse can be approached -but unfortunately not (yet) entered -from two different directions in parameter space (see Fig. 1 ):
• By letting b/R S approach a critical value of O(1) while keeping both b and R S much larger than the string length s . This turns out to be quite difficult, although some interesting progress has been made over the past ten years [16, 17, 18, 19, 20, 21, 22, 23] . We note, in particular, a recent result [24] , [25] , [26] on the form of gravitational brems-strahlung in the regime of small deflection angles, suggesting the emergence of a typical energy scale for the emitted gravitons of order the
Hawking temperature
T ∼ T H = /R S .
• By approaching the limit R S → s from below. In this case life is easier since one can justify the validity of a (string corrected) leading eikonal approximation not suffering from the nasty classical corrections that make things complicated in the previous case. Here one can make contact with the GMO regime (finding perfect agreement with their Borel resummation) but can also try to go further [10, 27, 28] towards the expected black-hole formation regime b < s , R S → s [29, 30, 31, 32, 33, 34, 35] while keeping some control over unitarity. It was found, in particular, that, by taking into account the opening of new channels corresponding to the imaginary part of graviton exchange in string theory, it was possible to obtain a unitary S-matrix within a Hilbert space containing, besides the tide-excited states, also those responsible for the above mentioned imaginary part (see section 2.2 for details).
In an independent study Dvali, Gomez, Isermann, Lüst, and Stieberger (DGILS henceforth) [36] succeeded in carrying out a calculation of tree-level high-energy large multiplicity scattering amplitudes both in quantum field and in quantum string theory.
The claim is that their results support the validity of the idea, proposed by Dvali and Gomez [37, 38] , according to which BH's can be portrayed as Bose-Einstein condensates at criticality.
One can identify some tension between the results in [10] and those in [36] since in the former (ACV) approach loop corrections are crucial in restoring unitarity through an interplay of real production and virtual corrections controlled by the AGK cutting rules [39] , while in the latter (DGILS) virtual corrections are largely ignored.
The main purpose of this paper is to try and understand the origin of this tension and to offer a solution of it through a reinterpretation of the result of [36] .
The plan of the paper is as follows.
In Section 2 we will briefly review the results of ACV for ultra-Planckian scattering in String Theory, first in the weak-gravity regime and then in the so-called stringgravity regime where a string-corrected eikonal approximation can be justified all the way up into the expected threshold for classical black-hole formation. In Section 3,
we review the results obtained in [36] for the 2 → N scattering in string and field theory at very high energy and multiplicity. In Section 4, after pointing out a tension between the two approaches, we discuss the effect of adding to the calculation in [36] both real and virtual soft gravitons, following Weinberg's classic treatment. In Section 5, we reinterpret the results of [36] claiming that one can eventually reconcile the two methods. In Section 6, we conclude and draw directions for further investigation. In Appendix A we review the AGK formalism [39, 40] , and in Appendix B we discuss more details on the Weinberg soft B-factor [41] .
The ACV approach: a reminder
For completeness we briefly review, in this section, some material that can be found in [10, 27, 28] .
Different regimes in b, R S , s parameter space
The main physical idea of the ACV approach is that, as long as ultra-planckian gravitational scattering is considered at sufficiently large impact parameter (in particular b R S ), it is dominated by soft processes in which a very large number of nearly onshell gravitons are exchanged between the two energetic particles. Such huge number of soft processes can build up a collision that we would otherwise call hard (at least in the language of QCD) because it corresponds to fixed angle high energy scattering.
At very small (but finite) deflection angle the leading diagrams are simply s-channel ladder diagrams whose elementary rung is nothing but the tree-level graviton-graviton scattering amplitude given by
where h i denote graviton polarisation tensors. In the following we will set α = 
where R 4 denotes the contraction of 4 linearised Riemann tensors
Taking the large s limit and relying on Stirling formula the amplitude Reggeizes
2)
i.e. the scattering process proceeds through the exchange of the gravi-Reggeon trajectory with α(t) = 2 + α t/2 = 2 + t. Notice that while the real part of A 0 (s, t) exposes the massless t-channel Coulomb pole, the imaginary part has no singularity for forward scattering. Moreover ImA F S 0 (s) = lim t→0 ImA(s, t) is related to the cross-section for production of (massive) string states at tree-level.
Clearly this amplitude is unfit to describe gravitational scattering. On one hand it is exponentially small at fixed (even small) angle while we expect a large cross section in that region from Einstein's gravitational deflection formula θ ∼ R/b. On the other hand, its Fourier transform (dominated by the fixed t Regge region) gives a partial-wave amplitude A(J = b √ s, s) that grows with energy thus violating unitarity bounds 6 .
4 Similar calculations of string scattering from a stack of D-branes in the Regge regime were used [42] to show how Regge behavior saves string theory from possible causality violations of the kind firstly noticed in Ref. [43] . 5 The choice of the phase (−) t/2 = e −i π 2 t is dictated by physical considerations. Since ImM must be positive at t = −q 2 = 0 − , this is the correct choice. 6 N.B. Given the presence of massless particles one cannot use Froissart's bound. However, partial-wave unitarity still puts the constraint |A(J, s)| ≤ 1
It proves convenient to resort to the eikonal approximation, whereby the dominant contribution to the L-loop amplitude reads 3) where V N (q i ) denotes the N gravi-reggeon vertex which in the limit α q i q j → 0, reduces
The amplitude M L is a convolution in the q-space, so that it can be factorized in the dual space of impact parameter b: 5) withδ the 'eikonal' operator, related to the S-matrix bŷ
As indicated,δ is a functional of the closed string coordinates at equal time, and was found in [9] to take the highly suggestive form
corresponding to exchanging the graviton between one point on one string and one on the other.
When stringy effects are negligible, one can setX to zero and (2.6) becomes an ordinary function, the eikonal phase, whose real part encodes elastic scattering (with a 
where G D is the D-dimensional Newton's constant and
ACV distinguished several regimes in the b, R S plane (see Fig. 1 ):
• The very large b regime, b > b E , Here the massless graviton pole dominates, though distorted by a Coulomb phase in D = 4. One recovers here, in a saddlepoint approximation, the appropriate generalization of Einstein's deflection formula.
• An intermediate regime
, where
is the threshold for the opening of inelastic channels and 
s determines the opening of inelastic channels, 'tidal excitations' dominate which are represented by excited string states. The diffractive b-parameter emerges by considering second-order correction to the elastic channel part of the expression (2.7) by string finite size effects that modify the S-matrix.
• The classical corrections regime b B > b > b I where classical corrections and gravitational brems-strahlung kick in.
• Inelastic regime b I > b > s > P , where inelastic channels of both classical and string absorption are opened. The relative importance of the two depends on whether R S is larger or smaller than s . For R S < s the situation is under control and string 'softening' effects modify General Relativity in particular the deflection angle reaches a maximum around b = b I and then decreases again towards b ≈ s and then b ≈ R S . Since this is the regime of interest here it will be discussed separately and in greater detail in the next subsection.
The string-gravity regime via the AGK cutting rules
The "string-gravity" regime of ACV is defined (up to possible logs) by the inequality s > b, R S . It is believed that in this regime the so-called classical corrections (that scale as R 1. For this reason the string-gravity regime can be described in terms of the stringsize-corrected leading eikonal approximation and, consequently, we do not expect to find here signatures of actual BH formation. The string-corrected leading eikonal was already discussed in the previous subsection and leads to a unitary S-matrix which becomes highly inelastic at b < b t i.e. when tidal excitations of the incoming strings dominates. This phenomenon will persist in the string-gravity regime; however, a new source of inelasticity takes place on top of the one due to tidal excitation.
The origin of this new source of inelasticity can be easily ascribed to the fact that in string theory the gravitons Reggeize, i.e. full Regge trajectories (starting from the graviton) are exchanged between the high-energy colliding particles (that we have taken to be massless gravitons) [9, 10] . We will be referring to the exchanged objects, therefore, as "gravi-reggeons" (GR). That implies that the amplitude due a single GR Y that includes the just defined string-gravity one. This imaginary part simply corresponds to the on-shell s-channel closed strings which are dual (in the old sense of DHS duality, after Dolen, Horn and Schmid) to the GR's. As in [27, 28] we will refer to such objects as "cut gravi-reggeons" (CGR). Mathematically, this implies that the eikonal operatorδ of Eq. (2.6) ceases to be hermitian. In order to restore formally unitarity one needs to introduce [27, 28] new creation and destruction operators C and C † for the on-shell states corresponding, in a broad sense, to a single CGR exchange 7 .
In [27, 28] it was pointed out that a formal way to recover a unitary S matrix when δ is not hermitian consists of the replacement:
Consider now the total cross section at some fixed impact parameter b < l s √ Y . By the optical theorem σ tot (s) = κImA F S (s)/s, this will consist of a sum over all possible ways of "cutting" the ladder diagrams that build up the leading eikonal approximation.
Because of the above-mentioned nature of GRs, a ladder with n GRs, being nonplanar, can be cut along any number n c of GR with 0 ≤ n c ≤ n. The problem of determining the relative weights for cutting a different number n c of GR is very similar to the one encountered in the sixties for an n-Pomerons exchange in hadronic physics and was nicely settled by the remarkably simple Abramovski-Gribov-Kancheli (AGK) cutting rules [39] (See Ref. [40] for a useful review on these aspects in pQCD; a short reminder of which is given in Appendix A). These rules also follow directly from (2.8)
if one identifies n c with the number operator C † C. We will not attempt to describe the operators C and C † in details here but they may be related to the operators for higher spins originally defined by Weinberg [44, 45, 46] .
The AGK rules state that the n c -CGR contribution to the full imaginary part of the elastic (fixed b) n gravi-Reggeon exchange amplitude 8 by is given by:
Accordingly, the sum over all contributions correctly reproduces the total imaginary part of the amplitude in agreement with the optical theorem. For partial-wave unitarity it is however more transparent to work with the full S matrix without extracting the no-transition term. In that case one should directly check that
Let us check this constraint by considering the following more detailed formulation of the AGK rules: the n-GR-exchange contributions to SS † can be split according to the number n c of CGR, the number n + of GR in S and the number n − of GR in S † according to:
If we now keep n c = N fixed and sum over n + , n − we reproduce (2.9). Furthermore, if, for fixed N , we sum over all values of n + , n − we get:
A simple way to understand (A.14) is as follows: the exchange of n identical bosons carries a 1/n! weight. Multiplying this by the number of ways we can choose, out of them, the three subsets n + , n − , n c gives the combinatorial factor (n c !n + !n − !) −1 . Finally, each set gives the appropriate S-matrix element or its imaginary part 9 .
It proves convenient to construct a generating function for the cross sections 13) which is related to the S-matrix introduced in [28] through
Comparing with (2.13), one gets
This result may be interpreted as the formation of a coherent state of gravi-reggeons with Poisson, rather than thermal black-body, distribution
An alternative proof of (2.15) is given in Appendix A. One can also evaluate the average energy per cut gravi-reggeon and find
Note that for d = 0, D = 4 the energy has an average value that coincides (modulo a log α s factor) with the Hawking temperature T H = /R S of a would-be black hole whose temperature exceeds the Hagedorn temperature of string theory. Of course this is not the correct interpretation of the result.
Rather, we can say that, as the expected threshold of BH production R S = s is approached from below, the individual CGR have still an invariant mass 2 parametrically larger (albeit just by a log α s) of the string scale, justifying the use of Regge behavior.
On the other hand, as one crosses into the strong-gravity (R S > s , b) region, the expected energy of the individual CGR falls below the string scale. That means, 9 One may be worried about energy conservation in the AGK rule, since the total CM energy √ s should be shared among the nc CGR, while [Im]δ(s) is computed for the total s. A related issue is the (in)distinguishability of the n exchanged particles out of which only nc are cut. Quite remarkably these two issues compensate in such a way that the AGK rules turn out to have such a simple form as in Eq. (2.11).
physically, that each one of them should give rise to a bunch of massless strings. Taking seriously the logarithms, one might imagine that each CGR gives rise to O(Y 2 ) quanta of energy /R S for a total multiplicity of order Gs/ i.e. of the entropy of a "StringHole", a BH lying just at the corresponding curve between strings and black holes [31, 32, 33, 34, 35] .
On the other hand, this is precisely the point at which a description of the final state in terms of massless particles alone should become reliable. And this is also the lower end of the regime discussed by [36] . For consistency we would like the calculation described in this subsection and the one of [36] , described in the next section, to smoothly join one another along the correspondence line.
3 The classicalization approach to high-energy, high-multiplicity gravitational scattering
Recently Dvali, Gomez and collaborators [37, 38, 47, 48, 49, 50] that has been tested in connection with ultra-planckian scattering and formation of black holes as self-critical Bose-Einstein condensate of soft gravitons in [36, 52] .
In particular, in [36] , relying on KLT relations (after Kawai, Lewellen, and Tye [53] ) and the 'scattering equations' [54] in the Regge limit, DGILS tried to demonstrate that the perturbative exponential suppression factor e −N with the number N of produced particles (gravitons) 11 is exactly compensated by the BH entropy in a self-critical phase.
Let us summarise their derivation in [36] and later on comment on the issues raised by their analysis.
The starting point for computing tree-level graviton amplitudes with large multiplicity of the final states are the 'scattering equations' [54] and the KLT relations [53, 55, 56, 57] , that relate closed string amplitudes on the sphere to 'squares' of open string amplitudes on the disk. In the 'field-theory' limit KLT can be used to relate non- 10 More generically, 'classicalization' represents a mechanism that provides the unitarization of a UV incomplete theory by means of the resonant production of a non-perturbative classical solution. An example in the context of non-local quantum field theory was studied in Ref. [51] .
11 To be precise, in [36] the number of produced gravitons is N −2. In order to adhere to the original DGILS paper, in this section, we will follow this convention. Clearly N −2 ≈ N for N >> 1.
planar graviton amplitudes to color-ordered gluon amplitudes. The relevant formula reads [56, 57] 
where κ 2 = 8πG = 2 P , S N −3 is the group of permutations of N −3 objects, and the KLT kernel is given by
with s ij = 2k i k j , P an arbitrary reference light-like momentum, while θ(i a , i b ) = 0 for
.., j k } and θ = 1 otherwise.
In D = 4 it is convenient to switch to the helicity spinor formalism, whereby lightlike momenta are expressed as k µ =ū(k)σ µ u(k) in terms of commuting Weyl spinors of opposite chirality u α (k) andūα(k). The latter are often denoted by |k and |k],
As a result Mandelstam invariants can be written as
for real momenta.
For a Maximally Helicity Violating (MHV) configuration of the graviton polariza-
i,R , the relevant color-ordered YM tree-level amplitudes, coded in Parke-Taylor formula [58] , read
3)
where ± denote the helicity of the gluons, all considered as incoming. Furthermore, assuming a very peculiar kinematical regime for the scattering process 1, 2 → 3, .., N , 
where f (φ) is a (complicated) function of the phases φ = {φ ij } of the spinor bilinears.
Substituting (3.4) into the KLT formula (3.1), for MHV amplitudes DGILS get 1), DGILS estimate the cross section for a fixed but large number N of gravitons to be of the form
Eventually, assuming self-criticality i.e.
This result is quite surprising for various reasons that we would like to analyze in some detail in the following. Later on we will compare the classicalization approach with the eikonal approach and propose a way to reconcile the two.
• In [36] only tree level amplitudes in a specific kinematical regime of the final gravitons (suggested by classicalization) is considered. Neither explicit integration over the final phase space nor explicit sum over all possible helicity configurations are performed for obvious technical difficulties.
• In [36] higher orders in perturbation theory, corresponding to virtual graviton exchange or 'soft' graviton radiation, are not considered and stability of the results with respect to quantum corrections is tacitly assumed. In particular, it is not clear whether an exclusive cross-section is computed, that would be infinite due to IR divergences, or some sort of inclusive cross-section.
• In [36] , the criticality condition α G = Gs = cN with a precise, fine-tuned proportionality constant c is assumed and eventually used in the cross section. The exponential factor e −N results from such a precise fine tuning. This factor is crucial for their classicalization argument: indeed, they argue, if a resonant production of (micro) Black Holes mediates this channel, the e −N factor can be compensated by the BH entropy factor e +S BH ∼ e N . Note that, by a different choice of c, one can turn the exponential suppression into an exponential growth, reproducing the behavior of the (convergent) sum over N . In that case adding an entropy factor overshoot unitarity.
A tension between the two approaches
Clearly, there appears to be some tension between the results summarized in sections 2 and 3 while one would like the two to join smoothly at the expected threshold for BH formation.
The most obvious difference is that in the ACV/AGK approach virtual corrections (corresponding to uncut GR) are essential to restore unitarity at fixed b, while no extra phase space or number of states factor is needed. By contrast, in the DGILS approach no virtual corrections are included and the S-matrix (integrated over impact parameter) satisfies unitarity bounds thanks to an extra exponential entropy factor. In the following we shall investigate the nature of soft radiative corrections to the process discussed in DGILS, while in section 5 we will offer a new interpretation of the DGILS result that appears to resolve the above mentioned tension.
To this end, we will recall Weinberg's theorem for soft gravitons [41] , apply it to the tree-level amplitude computed by DGILS in the classicalization regime, and see how gravi-strahlung and virtual gravitons may affect the behavior of the cross-section in different kinematical regions.
Virtual soft gravitons
Let us start by considering the effect of adding a virtual soft graviton to graviton amplitudes. Although the final state of DGILS consists of gravitons of typical energy
√ s we can always add a virtual graviton of even lower energy. In that case Weinberg has shown [41] that the single soft virtual correction amounts to multiplying the original amplitude by a factor: 
where λ represents an IR cutoff, Λ is an upper cutoff to be discussed later 12 , while η = +1 for outgoing particles and η = −1 for incoming particles.
As shown in [41] this result can be generalized to the case of an arbitrary number of soft gravitons and the sum of all such contributions exponentiates so that:
where (suppressing the p i labels in B(p i , q))
The corresponding correction to the rate reads 4) and depends only on the real part of the integral over the 4-momentum of the virtual graviton which only receives contribution from the imaginary part of the graviton propagator iπδ(q 2 ). One finally obtains 13 :
12 Not to be confused with some UV cutoff of Quantum Gravity! 13 For completeness we give, in Appenxix B, a simple derivation of this result.
It is straightforward to take the massless limit of (4.5) and to check that it is smooth and harmless (this is the well-known absence of collinear graviton divergences implied by the graviton's helicity ±2). The result (that we have found nowhere in the literature) is particularly simple:
thanks to momentum conservation. In the case of the 4-point amplitude, choosing
with a maximum B 0 = +4Gs log 2/π for θ = π/2 and minima B 0 = 0 for θ = 0, π.
The situation is less clear for arbitrary but fixed N . In the CM frame p 1 = E(1, n), p 2 = E(1, −n) and p i = E i (1, n i ) with n and n i unit vectors. Momentum conservation yields i E i = 2E and i E i n i = 0, setting
and, after some algebra, one finds . So a priori one may expect log 2 ≥ πB 0 /4Gs ≥ −1/e. While the upper bound can be reached, the lower bound cannot, due to kinematical constraints. Later on we will show that B 0 is always non negative by relating it to the integral of the square modulus of the leading soft factor.
We have systematically studied the value of B 0 in (4.6) as a function of the kinematic configuration of the N -particle final state with the following conclusions (see also Appendix B): • B 0 is zero only in very special configurations. These correspond to the forward elastic amplitude (as always) and to final states in which the above two final gravitons are replaced by an arbitrary number of strictly collinear ones. As soon as one moves away from this configuration B 0 becomes positive.
• When one goes a large amount away from the above special kinematical regions B 0 is typically of order Gs times a function of O(1) of the angles which does not grow with the number of final particles.
• Some examples:
For n i = nσ i = 0 with σ i = ±1 such that i w i σ i = 0, one has For n i n = 0 (n i ⊥ n), one has
since x log x ≥ −1/e for 0 ≤ x ≤ 1, with x = (1 − n i n j )/2 = sin 2 (θ ij /2).
We thus conclude that, as a consequence of soft virtual graviton corrections, the 2 → N cross section goes to zero (except in a zero-measure phase space region):
We are of course very familiar with such a phenomenon that is counterbalanced by emission of soft radiation, i.e. bremsstrahlung.
Combining the contributions from virtual soft gravitons and real ones, to be discussed momentarily, one eventually gets 12) which is nothing but the well-known cancellation between real and virtual soft-graviton divergent contributions to the cross section.
Real soft gravitons
At this point one has to include IR divergences arising from emission of real soft gravitons. The real soft emission (gravi-strahlung) typically contributes a factor (∆E/λ)
where ∆E is the maximal energy allowed in the soft radiation (see Sect. 5 for further details). Once more, in order to trust our treatment of soft graviton emission we have
The emission of soft gravitons at tree level is governed by the universal behaviour [59, 60, 61 ] Let us consider first the dominant behaviour that is universal even beyond treelevel, i.e. at any order in perturbation theory in any consistent quantum theory of gravity such as String Theory, and compute the effect of adding a soft graviton to a process
(4.14)
The sum over polarisations/helicities s = ±2, with h 
Integration over the soft light-like momentum q = (|q|, q) = |q|(1, n) produces
where the log µ, which is harmless thanks to momentum conservation, arises from a logarithmic divergence over the Feynman parameter α that can be regulated by giving a small (common) mass to the 'hard' particles as shown in Appendix B. It would be very interesting to study the sub-and sub-sub-leading corrections in the soft limit to the above result that are expected to be universal in gravity, at least at tree level.
A reinterpretation of the DGILS result and resolution of its tension with ACV/AGK
The tree-level exclusive cross section σ tree (2 → N ) is, strictly speaking, infrared divergent (by taking, for instance, two of the final particles to be hard and the remaining N − 2 to be arbitrarily soft, see Sect. 4). It is thus clear that the result of DGILS has to be reinterpreted.
We shall follow, mutatis mutandis, a line suggested by the classic treatment [68] of jet cross sections in QCD. In that case one has to define observables which are insensitive to both infrared and collinear singularities. In the case of gravity the latter divergences are absent (that's why we could safely take the massless limit in Sect. 4) and therefore we shall pay attention to energies rather that to angular distributions.
In the following integration over the angles has to be understood. An IR-safe quantity (carrying some analogy with the N -jet cross section in e + e − → hadrons) is We shall be interested in studying Σ together with some (functional) derivatives of it near z(ω) = 1. This will provide information on the "total" cross-section as a function ofĒ and ∆ and on inclusive (one, two or more) hard graviton spectra. We shall carry out the first steps of this analysis below after introducing a simple ansatz for the differential cross section in (5.2). It will consist of three factors: the tree-level exclusive 2 → N cross-section considered in [36] , an additional factor accounting for the soft-graviton emission and, finally, a factor incorporating the effect of virtual gravitons.
Concerning the tree-level differential cross section we shall reinterpret the result of [36] as giving the pre-factor that multiplies d log ω 1 . . . d log ω N , i.e. we shall write:
where c is some O(1) constant.
For the remaining two factors we simply use the results of Section 4 in order to write them in terms of the B 0 quantity introduced in (4.6). In the previous section we have seen that B 0 is of order Gs unless the final particles are almost collinear with the initial ones in which case B 0 can be much smaller. In the following we will approximate B 0 with some kind of average valuec Gs wherec is another O(1) constant. This physically means that we are effectively excluding the large-b (small deflection angle) regime concentrating on the interesting one of small-b 14 . Using this approximation and the standard representation of the δ-functions we arrive at the following compact expression for ∂Σ/∂∆:
Here we have also used some large-N approximations that should not matter as far as we look at the neighborhood of z(ω) = 1. Finally, we have (re)introduced the cutoff parameter Λ as an upper limit on the virtual gravitons' energy. We shall discuss its possible values below.
We will estimate (5.4) around z = 1 through a saddle point approximation (in σ and τ ) which should be reliable in our regime Gs 1. However, before doing that, let us note that the single (hard) graviton distribution can be formally obtained from (5.4) through an appropriate functional derivative: 5) where the angled brackets mean the expectation value wrt the integrals over σ and τ appearing in (5.4). In the saddle point approximation this amounts to inserting the saddle-point value of σ in (5.5).
We now look for complex saddle points for the σ and τ integrals of the form:
Imposing stationarity of the (large) phase w.r.t. σ and τ we find:
implying a condition involving just x x = c Gs e 9) where W 0 (z) = ∞ n=1 (−n) n−1 z n /n! is the (first branch of the) Lambert (or productlog) function. Inserting this result in the second of (5.7) we find that, quite generically, y ∼ Gs. More precisely, under the assumption that y ∆ √ s
x, (5.7) reduces to:
whose solution is again given in terms of the Lambert function: We also need to set a bound on Λ, the upper cutoff on virtual-graviton momenta.
It seems obvious that such an upper bound should not be lower than the cutoffω on real (hard) gravitons. This can be easily estimated through eq. (5.5):
Finally, let us write the result for Σ(z = 1) in a convenient form applicable to any value ofĒ/T H ):
where E 1 is the standard exponential integral function
It is amusing to see the Hawking temperature T H emerge as a characteristic scale distinguishing two cases:
In this case, using W 0 (a) ∼ a for a 1 and taking Λ ∼ω, we get:
while, applying finally (5.5), we obtain the suggestive result:
exhibiting both a brems-strahlung behavior at small ω and a Boltzmann suppression at large ω.
2.Ē T H
In this case, using the large-argument limit of W 0 : W 0 (a) ∼ log(a) − log(log(a)) and again Λ ∼ω, we get 16) while the analog of (5.15) for the present case becomes: A final remark concerns our choice for Λ and the virtual corrections attached to the incoming gravitons. For these corrections our estimate Λ ∼ω should be revised since the soft photon approximation can be now justified up to a scale smaller than but of order √ s. These extra virtual contributions should have their own counterpart in real emission/absorption from the energetic legs. This is again what one should expect in the process of black-hole formation. In fact even before the critical impact parameter for BH formation is reached gravitational brems-strahlung takes place. While in the regime of small deflection angles this results in a small loss of energy (see [24] , [25] , [26] for recent classical and quantum approaches to this problem) when the gravitational collapse regime is approached only a finite fraction of the incoming energy goes (at least classically) into forming a black hole.
Summary and outlook
A high-energy two-body collision usually results in the production of many lowerenergy quanta. This is a common phenomenon shared by essentially any realistic 4 − D interacting theory. A well known and much studied case is the one of strong interactions in which jets of hadrons are produced when the underlying parton shower (consisting of many final partons) hadronizes. For low momentum transfer processes the hadronic multiplicity typically grows logarithmically with energy (with the final particles filling up uniformly a rapidity plateau), while harder processes (such as e + e − → hadrons) lead to multiplicities that typically grow faster than a power of log s (but slower than an exponential) of log s (e.g. like exp( √ log s)).
The fact that the gravitational coupling G N is dimensional and that the effective high-energy coupling is α G ≡ G N s suggests that multiplicities in the unltraplanckian gravitational collisions should grow like a power of the center-of-mass energy √ s. In particular, if n ∼ α G we are immediately led -by energy conservation-to the simple, yet startling conclusion that a transplanckian energy collision produces subplanckian
The study of ultraplanckian-energy collisions has confirmed to a large extent the above picture through what has been termed as "fractionation". The first example [9, 10] is what we may call t-channel fractionation, i.e. the phenomenon by which a large momentum transfer is shared among n ∼ α G exchanged gravitons. This is the reason why a superficially hard process (fixed angle gravitational scattering at arbitrarily high energy) is actually controlled by large-distance physics with each exchanged graviton sitting very close to its mass-shell.
Within string theory t-channel fractionation has an s-channel analog [10, 27, 28] . This is because, in string theory, graviton exchange is actually "gravi-reggeon" exchange and carries an imaginary part related to the possibility of "cutting" the graviton to expose the s-channel intermediate states dual to it. As a result, in the so-called string-gravity regime, t-channel fractionation becomes, almost trivially, s-channel fractionation: the number of cut-gravi-reggeons grows with energy like α G implying a softer and softer final state as one increases further and further √ s. Unfortunately, this regime is under control only below a certain threshold energy corresponding to a Schwarzschild radius R S of order the string length l s , i.e. to a would be Hawking temperature exceeding the Hagedorn temperature of string theory. And indeed we do not expect black-hole formation below such threshold.
In an independent development DGILS [36] have addressed the problem of s-channel fractionation (called classicalization in their context) directly in quantum field theory i.e. without the use of string theory's duality. Evidence for fractionation would lend support to a previous proposal [37, 38] of black holes as a multi graviton state near a quantum phase transition. And, indeed, the claim in [36] is that the 2 → N cross section at α G 1 is dominated by final states containing O(α G ) quanta of energy
Taken at face value this result looks perfectly in line with the one of [10, 27, 28] , actually as a smooth extension of the latter in the theoretically unaccessible region above threshold. Although one result relies on string theory while the the other does not it is conceivable that, above the above mentioned threshold energy, the final state will consist of just massless strings for which a QFT approach is already sufficient.
However, at a closer scrutiny, some tension appears between the claims made within the two studies. While in [10, 27, 28] loop corrections to the 2 → N process (corresponding to the possibility of cutting only a subset of the exchanged gravi-reggeons following the AGK rules) are crucial for restoring unitarity (or even just unitarity bounds), in [36] one is only considering the 2 → N process at tree level.
In this paper we have tried to resolve this tension by first considering soft real and virtual corrections to the process considered in [36] and by then showing that such corrections are in principle large in spite of the fact that true IR divergences cancel by the usual Bloch-Nordsiek mechanism. We have then given a reinterpretation of the claim in [36] through the introduction of some sort of "gravitational jet cross sections", quantities that, like QCD jets, should be perturbatively calculable. They are characterized by a lower cutoffĒ on the energy of each jet-graviton and by an upper cutoff ∆ on the total energy carried by all gravitons softer thanĒ.
So far we have only been able to estimate these jet cross section qualitatively.
i.e. without control over O(1) parameters. This, however, is sufficient to support the conclusion that, unlike QCD jets (that tend to be few and hard because of asymptotic freedom) gravitational jets tend to be many and soft, where many here means indeed O(α G ) and soft means with energy of order T H . In other words we have found that, while the jet cross section forĒ >> T H is necessarily exponentially suppressed, the one withĒ ≤ T H can be large enough to saturate unitarity. Furthermore, we have been able to study the one-jet inclusive cross section as function of its energy. We found that, in the relevant (latter) case such a distribution is bremsstrahlung-like dN /dω ∼ ω We should warn the reader that what was done here should only be considered as a first heuristic step into the problem of construction a unitary gravitational S-matrix sharing some properties with those of the semiclassical original analysis by Hawking.
One problem that we left unanswered is that of projecting our results on individual s-channel partial waves (equivalently on a given impact parameter for large angular momentum), as done in [10, 27, 28] but not in [36] . Such an analysis should allow to see how the final state changes progressively from one typical of a scattering process to one resembling the evaporation of a black hole. Here, in Section 5, we have considered directly the cross section integrated over impact parameter and it is only at the step where we take the B 0 factor to be independent of the kinematics and of O(Gs) that we are implicitly excluding peripheral processes (small deflection angles) concentrating our attention on the small-b region.
We hope that the positive indications reached in this paper will motivate further work in this challenging -but hopefully highly rewarding-line of research. 
A A brief review of the AGK rules
In a classic paper [39] , Abramovski, Gribov and Kancheli (AGK) derived a set of "cutting rules" allowing to relate the relative contribution of the (t-channel) exchange of n Reggeons to different s-channel intermediate states. As a result, one can compute how the total cross-section, related by the optical theorem to the discontinuity wrt energy of the forward elastic amplitude, is shared among different final states. The original derivation, reviewed in [40] , was in the context of hadron scattering and the Pomeron. Here, following closely [40] , we argue that it applies to ultra high energy gravitational scattering (within a string-theory context where the graviton belongs to a Regge trajectory) mutatis mutandis.
Let us start by considering the Sommerfeld-Watson representation of the scattering amplitude for a binary a + b → a + b process
where ω = J−1 is the conserved quantity in complex-angular-momentum theory and the signature factor ζ(ω) reads
with τ = ±1 representing the signature. The integration contour in (A.1) is to the right of the singularities of F ab (but to the left of those at the non-negative integer in ζ). Hereafter we shall only be interested in the case τ = +1 for which, more simply:
The amplitude F ab (ω, t) has poles and cuts in the complex (t-channel angular momentum) ω-plane. In particular, a non-planar multiple gravi-Reggeon exchange produces branch cuts, just like ordinary particles do on the complex-energy plane. In analogy with the latter case, the discontinuity of F ab (ω, t) across an n-Reggeon cut can be expressed as (see Fig. 5 )
where, setting q 2 = −t, the 'transverse' n-particle phase space reads
with k j , j = 1, . . . n, denoting the transverse momentum of the j-th cut gravi-Reggeon.
Furthermore, the product of all signature factors gives [40] :
, (A.6) As a result, the contribution of n gravi-Reggeons to the amplitude is given by
Let us note, at this point, that the combination
takes the simple factorized form
In the eikonal approximation, the vertex functions A 
We easily obtain:
Summing finally over n and adding 1 to go over to the S-matrix we recover the well-known eikonal exponentiation:
Let's now come to the AGK cutting rules. Since Γ {β i } is real, the full imaginary part of (A.7) is simply given by replacing ζ by 1. The AGK rules tell us how this full imaginary part is built up by individual contribution in which the imaginary part of a subset of Reggeon signature factors is taken (i.e. in which a subset of k gravi-reggeons is "cut" out of the total number n).
where
Clearly the sum in (A.12) reproduces the total discontinuity.
Also for the AGK rules we can go over to impact parameter. Under the eikonal approximation leading to (A.10) we get 15 ,
Keeping k fixed and summing over n ≥ k we get:
Finally, summing over k ≥ 1 and adding the elastic cross section
we recover (s-channel) partial wave unitarity.
Expression (A.16) is interpreted as the probability of having k cut gravi-Reggeons at impact parameter b. A Poissón distribution of CGR is obtained. The mean and the variance are given by
B Building the B 0 factor
In this appendix, we will derive the B 0 -factor in the general case of massive particles, take the massless limit and then show that it is extremized in particular kinematical regimes.
B.1 Derivation of B 0 for massive and massless particles
For massless particles, the individual integrals, for fixed i and j, are logarithmically divergent. They are given by
where λ is an IR regulator and Λ is the upper limit for the validity of the leading soft behaviour. The angular integral is also logarithmically divergent and reads
.
In order to regulate the logarithmic divergence of the angular integral, it is convenient to treat the 'hard' particles as massive and later on take the massless limit. In practice the only difference is that n i is replaced by v i = p i /E i with |v i | < 1
Moreover one finds 
Near-collinear kinematics
Let us further specialise to the case of a near-collinear kinematical scattering. For a collinear configuration n i = σ i n. As a result, δp 
